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ABSTRACT This paper presents a comprehensive study on the variation laws of electromagnetic torque
(EMT) under static air-gap eccentricity (SAGE) conditions in synchronous generators. Different from other
studies, this paper focuses on not only the impact of radial SAGE, but also the effect of axial and hybrid
SAGE, on the EMT fluctuation characteristics, i.e., we actually study the 3D static rotor eccentricity. The
theoretical analysis model is first set up to study the influence of SAGE on the magnetomotive force (MFD)
and EMT. Then, the finite element calculation and the experimental study on the CS-5 prototype generator
which is of two poles and 3000 rpm are carried out to validate the theoretical analysis. It is shown that
the radial SAGE will increase the dc component of MFD and shift the whole MFD curve and the phase
current upwardly, while the axial SAGE will reduce the dc component as well as the amplitudes of both the
MFD and the phase current like a compressing operation. In general, no matter in unidirectional or hybrid
SAGE cases, the radial SAGEwill intensify the EMT ripple and increase each harmonic of EMT, while axial
SAGE will play the opposite role. The research conclusion obtained in this paper is potential to be applied
as a supplement criterion for the condition monitoring and control of the eccentricity faults.
INDEX TERMS Synchronous generator, 3D rotor eccentricity, electromagnetic torque.
ABBREVIATION
SAGE Static air-gap eccentricity
RSAGE Radial static air-gap eccentricity
ASAGE Axial static air-gap eccentricity
HSAGE Hybrid static air-gap eccentricity
EMT Electromagnetic torque
EMF Electromotive force
MMF Magnetomotive force
PPUA Permeance per unit area
MFD Magnetic flux density
The associate editor coordinating the review of this manuscript and
approving it for publication was Gongbo Zhou.
NOMENCLATURE
g0, g normal and RSAGE radial air-gap length
µ0 permeability of the air
30,3 Constant and variable PPUA
δs relative SAGE in radial direction
z relative SAGE in axial direction
ω, ωr electrical and mechanical angular
frequency
t time
αm mechanical circumferential angle
I Stator phase current
E0 Exciting EMF of generator
Fr , Fs rotor and stator MMFs in normal condition
Fr1, Fs1 rotor and stator MMFs in axial SAGE
cases
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FC , FC1 composite MMF before and after
axial SAGE
β, β1 angle between composite and rotor MMFs
9 internal power angle of generator
ϕ power factor angle
Te EMT
L Effective winding length in normal condi-
tion
R, R0 Rotor radius and inner radius of stator core
p number of pole-pairs
P power of generator
W air-gap magnetic energy
Ua, Ub, Uc three phase voltages
Ia, Ib, Ic three phase currents
If exciting current of generator
I. INTRODUCTION
Since it is very hard to keep the rotor center in strict accord
with respect to the stator center, the static air-gap eccentricity
(SAGE) which is also called static rotor eccentricity by many
scholars [1], [2], exists in almost every motor/generator due
to many factors [3]. It can be caused by un-proper assembly,
bearing damage, deformation of stator core, etc., [4]–[6].
SAGEwill not only bring inmagnetic field distortion, but also
intensify the stator and rotor vibrations [6], [7] and aggravate
the wearing of the winding insulation.
Scholars have paid much attention to the magnetic
field and the unbalanced magnetic pull (UMP) analysis in
SAGE cases. The definition and the rotor vibration under
SAGE in turbo-generator were early presented by Rosenberg
in 1955 [8]. It is shown that SAGE will produce a dou-
ble fundamental frequency ripples in the rotor current of
salient-pole synchronous machines [9]. It will also stimulate
additional currents to circulate in the stator and turn into
2(p ± 1)-pole rotating space vectors in the complex
domain [10], [11]. What’s more, SAGE will generate radial
vibrations at the double fundamental frequency to both the
rotor and the stator [12]. Besides the radial UMP which
causes radial vibrations, there is still UMP in the tangential
direction and this UMP will significantly affect the stability
of the rotor [13]. Researchers have also carried out stud-
ies to control UMP by using the damper windings on the
rotor in generators [14] and detect SAGE by installing flux
probes [15].
In addition to the well-known parameters such as the
back EMF, the stator current, the rotor current, the UMP
as well as the vibration, etc., people still found that the
electromagnetic torque (EMT) is also a good tool to analyze
and detect the eccentricity faults [16]. Currently, EMT has
been employed to detect the transmission gear fault [17],
the field winding interturn short circuit fault [18], and the
stator interturn short circuit fault [19]–[22].
Then, what are the comprehensive characteristics of EMT
in SAGE cases? Though Z.Q. Zhu et al. have found that
the EMT harmonics of 8th, 16th, 32nd, and 40th, etc. in
the 8-pole/9-slot PM machine will be increased under SAGE
conditions [16], the detailed mapping function between EMT
and the influential factors such as the pole-pair numbers,
the SAGE degrees, etc., have not been discussed in detail.
On one hand, it needs to deduct the detailed EMT formula
under SAGE in synchronous generators. On the other hand,
it is significant to expand SAGE from 2D to 3D since
the air-gap distribution asymmetry can take place not only
in the radial direction but also in the axial direction. The
axial SAGE, which has a larger axial air-gap length on
one end while at the meantime has a smaller axial air-gap
length on the other end (between the rotor-core and the
housing cover), is potential to take place, especially in hydro-
generators due to the long-term water impacts.
By far, scholars have primarily focused on the radial
SAGE, especially the parallel/constant SAGE in the radial
direction. As an improvement, Dorrell and Salah [2] and
Iamamura et al. [23] expanded the research from parallel/
constant SAGE to non-parallel/non-constant SAGE. That
means, the rotor is oblique, i.e., the central line of the rotor
forms an angle with the central line of the stator. Actually,
the oblique rotor eccentricity will also reduce the action
length of the rotor. However, since the oblique angle is very
small (the radial air-gap length is small), the equivalent reduc-
tion in the axial action length is tiny. Moreover, the axial
length of the stator core is usually a little longer than that
of the rotor and this length difference can fully compen-
sate the action-length reduction due to the oblique rotor.
Therefore, [2] and [23] contributed a great progress, but the
SAGE cases they studied still belong to radial SAGE, while
the axial SAGE and the hybrid SAGE (eccentricity occurs in
both the radial and the axial directions) have not been paid
enough attention.
However, the axial SAGE as well as the hybrid SAGE
does exist in practice, though the eccentricity degree may not
be so large. For example, [24] studied the axial movement
(i.e., axial SAGE) and the axial electromagnetic forces of
the rotor in hydro-generators, [25] investigated the axial
rub-impact fault (which reflects the axial SAGE) in turbo-
generator sets, [26] studied the axial movement of a stepper
motor. It is actually easy to understandwhy axial SAGE could
be caused in generators: fluid-solid-interaction will produce
an axial force on the rotor and after a long-term impact
the rotor will get an axial displacement (axial SAGE). For
example, the water impact on the rotor system of hydro-
generator, the wind action on the rotor system of the wind-
turbine generator, and the steam pressure on the blade-rotor
system of turbo-generator, may all cause the axial SAGE.
In this paper, we propose a comprehensive study on EMT
fluctuation characteristics in radial SAGE, axial SAGE, and
hybrid SAGE cases. The remainder of this paper is organized
as follows. Section II describes the detailed theoretical model
to show the impact of different SAGE types on EMT proper-
ties. Section III presents the FEA and experimental results to
validate the proposed model. Finally, primary conclusions of
this paper are drawn up in Section IV.
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FIGURE 1. Diagram of MMF vectors in (a) normal and radial SAGE cases,
and (b) axial SAGE cases.
FIGURE 2. Air-gap of generator (a) section view, normal, (b) section view,
radial SAGE, (c) front view, axial SAGE, (d) front view, hybrid SAGE.
II. THEORETICAL MODEL
A. IMPACT OF SAGE ON MFD
MFD is composed of MMF and PPUA. In a synchronous
generator, the MMF in the air-gap is actually a composite
one composed by both the rotor MMF and the stator MMF,
as indicated in Fig.1 (a). However, the occurrence of the
axial SAGE will actually reduce the effective rotor MMF as
well as the stator MMF due to the decrease of the action
length, as indicated in Fig.2 (c). And the rotor MMF and the
stator MMF in the axial and the hybrid cases are indicated
in Fig.1 (b). The final air-gap MMF can be written as
f (am, t)
=

Fs cos(ωt−pαm)+Fr cos (ωt−pαm+ψ+0.5pi)
· · ·normal & radail SAGE
Fs1 cos(ωt−pαm)+Fr1 cos (ωt−pαm+ψ+0.5pi)
· · ·axial & hybrid SAGE
(1)
where Fr1 < Fr , Fs1 < Fs.
PPUA can be obtained through
3(am) = µ0g (am) (2)
Equation (2) suggests that PPUA should depend on the
radial air-gap length which will be affected by radial SAGE,
see Fig.2 (a) and (b). And the radial air-gap length can be
written as
g (am)=
{
g0 · · · · · · · · · · · · · · · · · ·normal/axial SAGE
g0(1−δs cosαm) · · · radial/hybrid SAGE (3)
Feed (3) into (2) it finally has
3(am)=

30 · · · · · · · · · · · · · · · · · · · · · · · · · ··
· · · · · · ·normal/axial SAGE
30(1+δs cosαm+δ2s cos2 αm
+. . . δ3s cos3 αm+. . .)
≈ 30(1+0.5δ2s+δs cosαm+0.5 cos 2αm)
· · · · · · · · · · · · · · · ··
· · · · · · ·radial/hybrid SAGE
(4)
where the second formula is obtained through the expansion
of Power Series.
Then MFD can be further obtained by
B (am, t) = f (am, t)3 (am)
= [Fr cos (ωt−pαm+ψ+0.5pi)+Fs cos(ωt − pαm)]
30 · · · · · · · normal
= [Fr cos (ωt − pαm + ψ+0.5pi)+Fs cos(ωt − pαm)]
×30(1+ 0.5δ2s + δs cosαm + 0.5δ2s cos 2αm) · ·
· · · · ·radial SAGE
= [Fr1 cos (ωt−pαm+ψ+0.5pi)+Fs1 cos(ωt − pαm)]
30 · ·axial SAGE
= [Fr1 cos (ωt−pαm+ψ+0.5pi)+Fs1 cos(ωt−pαm)]
×30(1+ 0.5δ2s + δs cosαm + 0.5δ2s cos 2αm) · · · ·
· · hybrid SAGE
(5)
Taking the normalMFD, i.e., the first equation in (5), as the
reference, it can be found that the MFD in the radial SAGE
case (see the second equation in (5)) will be shifted upward
due to the increment of the DC value (in radial SAGE case
the DC value is 30 + 0.530δ2s , while in normal condition
it is only 30). However, in axial SAGE case (see the third
equation in (5)), sinceFr1 is smaller thanFr andFs1 is smaller
than Fs, the MFD will be compressed to a more tabular one.
To make the MFD changing tendency more clarified, taking
a 2-pole generator as an example, Fig. 3 shows the impact of
the radial SAGE and the axial SAGE onMFD. For the hybrid
SAGE, it will be influenced by both the radial SAGE and the
axial SAGE.
B. EMT BEFORE AND AFTER SAGE
Ignoring the loss, the transformed air-gap magnetic energy
should be generally equal to the output electric power as well
as the electromagnetic torque energy. The air-gap magnetic
energy can be expressed as [18]
W =
∫
v
[B (am, t)]2
2µ0
dv (6)
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TABLE 1. EMT component amplitude formulas and influential factors.
FIGURE 3. Impact of radial SAGE and axial SAGE on MFD.
According to the principle of virtual displacement, as indi-
cated in Fig.1, assuming that1ψ is the differential displace-
ment of the rotor MMF in the spatial position, then the EMT
can be obtained by
Te = p∂W
∂ψ
(7)
Based on (6), (7) and Fig.3, to further analyze the EMT
variation regularity, we calculate the square of MFD, see
Fig.4. For the radial SAGE case, it has the same inte-
gral volume as normal condition in (6). However, in axial
SAGGE cases, the integral volume as well as theMFD square
will be decreased due to the reduction of the action length
(see Fig.2 c). Therefore, Fig.4 actually reflects the final EMT
comparison results. It is distinct that the radial SAGE will
increase the EMT amplitude (peak), while the axial SAGE
will reduce the EMT amplitude. For the hybrid SAGE cases,
FIGURE 4. Square of MFD.
both the radial SAGE and the axial SAGE will affect EMT,
and the final result depends on the detailed degrees of these
two SAGE types.
Since the eccentricity in the two directions will act reversed
impacts on EMT, it is significant to separate them. Actually,
they can be distinguished by the changes in the harmonic
composition. Feed (1), (4), and (5), respectively, into (6)
and (7), the EMTs before and after SAGE can be finally
written in (8), as shown at the bottom of this page. As indi-
cated in (8), for axial SAGE cases, the harmonic components
will be the same as the normal condition, only with the
harmonic amplitude decreased. However, the occurrence of
the radial SAGE will produce extra components at 2ω. To be
more clarified, the component amplitude formulas, the devel-
oping tendencies, and the influential factors are listed
in Tab. 1.
Te =

−pL30R0piFrFs cosψ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ··
· · · · · · · · · · · · ·normal
−pL30R0pi [(1+ 0.5δ2s )FrFs cosψ − δ2sF2r sin(2ωt + 2ψ)+ δ2sFrFs cos(2ωt + ψ)] · · · · · · · · · · · · · ·
· · · · radial SAGE
−pL(1−1z)30R0piFr1Fs1 cosψ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · ·axial SAGE
−pL(1−1z)30R0pi [(1+ 0.5δ2s )Fr1Fs1 cosψ − δ2sF2r1 sin(2ωt + 2ψ)+ δ2sFr1Fs1 cos(2ωt + ψ)] · · · ·
· · hybrid SAGE
(8)
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TABLE 2. Parameters of CS-5 prototype generator.
Actually, (8) is the EMT result which only considers the
fundamental-frequency MMFs (see Fig.1). Since the exciting
current is DC, the Fourier Series of rotor MMF include only
odd harmonics. Consequently, the stator MMF also includes
only odd harmonics. Taking the higher order harmonics into
account, there should be even harmonics in both normal
contrition and SAGE cases, detailed analysis process about
this can be found in [27].
III. FEA AND EXPERIMENT VALIDATION
A. FEA AND EXPERIMENT SETUP
The finite element analysis and the experiment study are
carried out on the CS-5 prototype generator in State Key
Laboratory of Alternate Electrical System with Renewable
Energy Sources, P.R. China, as shown in Fig.5 and Table 2.
The rotor is kept stable to the foundation by the bearing
blocks, while the stator can be moved along the horizontally
radial direction by two adjustment screws on the front side
(along X axis, see Fig.5 a) and another two screws on the
back side (reversed to X axis, see Fig.5 a). At the meantime,
the stator can be also moved along the horizontally axial
direction by two adjustment screws on the driven end (right
side in Fig.5 b, along Z axis in Fig.5 a) and another two screws
on the non-driven end (left side in Fig.5 b, reversed to Z axis
in Fig.5 a). The movements in these two directions can be
controlled by four dial indicators, two for the radial direction
and another two for the axial direction.
During experiment and FEA, the exciting current was set
to 2.5A, and the load for each phase is a 100 Ohm resis-
tance and a 0.238 H inductance (cosϕ = 0.8), as indicated
in Fig.5 (e). In the experiment EMT is obtained through
Te(t)= P(t)
ω(t)
= [Ua(t)Ia(t)+ Ub(t)Ib(t)+ Uc(t)Ic(t)] cosϕ
2pin/60
(9)
Experiments and FEA calculation are taken for 13 times
respectively for:
1) normal condition.
2) 0.1-mm, 0.2-mm, and 0.3-mm RSAGE cases.
3) 3-mm, 6-mm, and 9-mm ASAGE cases.
4) HSAGE cases with 6-mm ASAGE and 0.1-mm, 0.2-
mm, and 0.3-mm RSAGE, respectively.
5) HSAGE cases with 0.2-mm RSAGE and 3-mm, 6-mm,
and 9-mm ASAGE, respectively.
FIGURE 5. CS-5 prototype generator (a) general outlook picture,
(b) method to set radial and axial SAGE, (c)FE model, (d) section view of
model with radial SAGE, (e) external coupling circuit model.
Specifically, during FEA we employ a full 3D model
to obtain a more comprehensive and accurate result. Actu-
ally, 2D FEA model is only qualified for radial SAGE,
while it does not meet the requirement of axial SAGE and
hybrid SAGE. Primary concern about this lies in two issues:
1) 2D FEA which simulates axial eccentricity by changing
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FIGURE 6. MFD and phase current obtained by FEA: (a)-(b) MFD and phase current in RSAGE cases, (c)-(d) MFD and phase current in ASAGE
cases, (e)-(f) MFD and phase current in HSAGE cases with RSAGE increased, (g)-(h) MFD and phase current in HSAGE cases with ASAGE
increased.
FIGURE 7. Normal Phase voltage and current (a) and (b) FEA results, and (c) and (d) experimental results.
the action length of stator/rotor will adjust the axial air-
gap length on both the two ends at the same time with the
same extent, i.e., the axial air-gap lengths on the two ends
are still equal. However, the eccentricity requires the air-
gap to be larger on one end while smaller on the other end.
2) 2D FEA is not able to take the flux leakage on the end
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FIGURE 8. EMT waveforms obtained by FEA (left) and experiment (right): (a)-(b) RSAGE cases, (c)-(d) ASAGE cases, (e)-(f)
HSAGE cases with RSAGE increased, and (g)-(h) HSAGE cases with ASAGE increased.
FIGURE 9. DC EMT increment (a) RSAGE, (b) ASAGE, (c) HSAGE with RSAGE increased, and (d) HSAGE with ASAGE increased.
side into account. Since the air-gap on the two ends is not
equal, the impact of the flux leakage on MFD will also be
different.
B. RESLUTS AND DISCUSSION
The air-gap MFD at 0.02s and the phase current in differ-
ent SAGE cases obtained from FEA are indicated in Fig.6.
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FIGURE 10. EMTSpectra by FEA (left) and experiment (right): (a)-(b) RSAGE cases, (c)-(d) ASAGE
cases, (e)-(f) HSAGE cases with RSAGE increased, (g)-(h) HSAGE cases with ASAGE increased.
The radial eccentricity direction is along the X-axis (to the
right, see Fig.5 d), the axial eccentricity is along the Z-axis
(to the driven end, see Fig.5 a), and the probe air-gap section
is in the middle of the stator core length.
As indicated in Fig. 6, both MFD and the phase current
in RSAGE cases will be shifted upward (just like an upward
movement), while in ASAGE cases MFD and the phase
current will be reduced (just like a compressing operation).
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In HSAGE cases, the increment of RSAGE will still shift the
MFD and the phase current upwardly, while the increment
of ASAGE will still reduce MFD and the phase current. The
results shown in Fig.6 are quite consistent to the theoretical
analysis (see Fig.3). Since the phase current is a significant
reflect of MFD, the accordance of the MFD and the phase
current suggests the validation of the previous theoretical
analysis (it is hard to test the MFD during the rotor is rotating
due to the very small air-gap length).
The phase voltage and phase current in normal condition
are indicated in Fig.7. Limited by space, voltage and current
comparisons between FEA and experiments for other cases
are not listed here. It is suggested from Fig.7 that the tested
phase voltages and currents generally match well with the
FEM-calculated ones.
The EMT waveforms obtained from finite element cal-
culation and experiments are illustrated in Fig.8. Generally,
the FEA data shows a more obvious tendency while the
tested curves are much more complex (the curves are not so
uniformed and they intertwine with each other) due to many
practical influential factors. However, the experimental result
still follows the developing trend obtained from the finite
element calculation. It is shown that for both unidirectional
and hybrid SAGE conditions, RSAGEwill generally increase
the EMT fluctuation amplitude, while ASAGE will reduce
the EMT amplitude. Also, Fig.8 is in accordance with Fig.4,
which suggests that the FEA and the experimental results
coincide with the previous theoretical result.
During the actual monitoring, besides the EMT wave-
forms, the specific component variation (the spectrum
change) will be helpful to identify the exact SAGE types.
The amplitude variation of the DC components is indicated
in Fig.9, while changes of other harmonic components are
displayed in Fig.10.
As indicated in Fig.9, in both unidirectional and hybrid
SAGE cases, RSAGE will primarily increase the DC ampli-
tude, while ASAGE will decrease the DC value. This result
is in good accordance with (5).
EMT spectrum changes indicated in Fig.10 suggest that
RSAGE will generally increase the amplitude of each har-
monic, especially at 50 Hz, 100 Hz, and 200 Hz (the basic
frequency is 50Hz). However, ASAGE will act an inversed
impact on the harmonic amplitudes. Comparatively, even har-
monics have a more obvious variation than the odd ones. This
phenomenon follows the qualitatively theoretical analysis in
Section II (see (8) and Tab. 1).
In addition, it is also studied in [9] that SAGE will affect
the phase voltage (phase current). The 3rd harmonic as well
as 9th, 15th, etc., will be increased. More details can be found
in Figs. 11 and 12 in [9] and will not be repeated here. The
difference between the phase current signature and EMT is
that EMT may even enlarge the harmonic difference between
healthy and faulty conditions, since EMT is in proportion
to the current square (see Equation 9, where the numerator
equals to 3I2Rcosϕ, i.e., the output power). Thus, EMT can
be a good tool/ supplement.
Practically, the axial eccentricity may be not stable during
the machine is running because of many impact factors.
For example, the rotor may display its axial eccentricity in
the form of always changing from 4mm to 6mm. However,
either the dynamic eccentricity or the stable eccentricity
should have a degree (for example, 0mm-2mm is a slight
degree while 4mm-6mm is a severer degree). Consequently,
EMT will appear variations as well due to the degree differ-
ence. And this variation regularity is generally similar to the
static cases. In fact, the dynamic eccentricity condition can be
treated as the combinations of many different static eccentric-
ity cases. Limited by space, we will carry out another work in
the short future to specifically study the dynamic eccentricity.
IV. CONCLUSION
This paper presents a comprehensive study on the impact
of 3D SAGE on EMT ripple properties. Detailed EMT
expressions as well as the MFD formulas in normal condi-
tion and different SAGE cases are obtained by theoretical
deduction. These expressions can be used for the fast EMT
assessment and the harmonic amplitude developing tendency
prediction, while the MFD formulas can be further employed
as the basis of other MFD-related parameter studies such as
the rotor unbalanced magnetic pull which is in proportion to
the square of MFD.
3D finite element calculation and experimental study on a
CS-5 prototype generator which is of two poles and 3000 rpm
are carried out for the validation of the theoretical analy-
sis. The FEA data and the experimental result well follow
the qualitative analysis presented in the theoretical model
section. It is shown that the radial SAGE will increase the DC
component of MFD and shift the whole MFD curve and the
phase current upwardly, while the axial SAGEwill reduce the
DC component and the amplitudes of both the MFD and
the phase current like a compressing operation. Generally,
no matter in unidirectional or hybrid SAGE cases, the radial
SAGE will intensify the EMT ripple and increase each har-
monic of EMT, while axial SAGE will play the opposite
role. These useful conclusions are potential to be applied as a
supplement criterion for the condition monitoring and control
of SAGE faults.
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